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1 Motivations

Usual many-body N — o0 mean field:

HN =

Our goal
e Mean field limit as d — o
e Describe a phase transition

e Strong particle interactions

Model:

e Simple mathematical description

interacting bosons on a lattice

e Great success in physics:

Mott-insulator \ Superfluid phase transition
e Mean field justified when d — o

and effective in d = 3

Quantum phase transition from a superfluid to a Mott
insulator in an ultracold gas of atoms
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Abstract

A quantum phase transition from a superfluid to a Mott insulating ground state was observed in a Bose-Finstein
condensate stored in a three-dimensional optical lattice potential. With this experiment a new field of physics with
ultracold atomic quantum gases is entered. Now interactions between aloms dominate the behavior of the many-body
system, such that it cannot be described by the usual theories for weakly interacting Bose gases anymore.
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Experimental observation of the phase transition [2]
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Theoretical description of the mean field theory [3]

Result: convergence of the many-body dynamics to the mean field dynamics when d — o
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2 Bose-Hubbard model

Lattice: A := (Z/LZ)¢ with d, L € N such that d, L > 2 of volume |A| = L9

One-lattice-site Hilbert space: ¢?(C) of canonical basis |n) :== (0,...,0, 1 .,0,...),neN
——
279 quantization: creation and annihilation operators: nhindex
al0):=0 VYneN* al|n):=+/n|n—1),
vneN, af [n) =+vn+1|n+1)
[a,aT]=1
Particle number: == afa >>3
Fock space: 2C)®IN ~ F| (L*(A,C)) = @ L*(A,C)®+"
neN v
Bose-Hubbard hamiltonian of parameters J, u, U € R: -
O(2d|/\|) !
—Zaxay +(J— “ZNX"'*ZNX N — 1)
X,YEX xeN xeN

X~y
Dynamics for 74 € L® (R4, £ (2(C)®IN)):
i0tv4(t) = [Ha,va(t)]

First reduced one-lattice-site density matrix:

'Y((jl) = Z Trp <y (Vo)
‘A| xEN

(1)
(2)
(CCR)

3)

(4)

(B-H)

®)

2 Bose-Hubbard model
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3 Mean field theory

Mean field hamiltonian for ¢ € £2(C):

he = —J(@pa+ apal — agl?) + (J— WA + %N(N —1

with the order parameter

o = (plap)

Phase transition: Decompose

= Z)\n|n> = a, = Z\/n+1)\7n)\n+1

neN

e Mott Insulator (MI): a, =0
e Superfluid (SF): o, > 0

Dynamics
For ¢ € L® (R4, £2(C)),

idrp(t) = B o(t)

Corresponding projection

Py = |p) (]

(mf)

@)

(6)
KUy
3
{N>=3
MI \ _\
A =3
2
(N> =2
MI _\
N2 S SF
Z
| ==l
R =i
MI e
N=1 :\w>-o
o) | -
3o/ U WU

Mott insulator \ Superfluid phase diagram obtained

by minimizing ¢ — (¢|h? )[3]

3 Mean field theory
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4 Main result

—| Recap}

J U
AP = 2 Travy () 0evg = | === Y alay + (=) 3 N+ — O Mu(Wx —1),7q |  (B-H)
|A| 2d X,yEX XxEN 2 xeN
X~y
U
ag = (plap) idtp = (*./(aq,a + @aT — }a¢|2) + (J— N + EN(N — 1)) © (mf)

—| Theorem: S.Farhat D.P S.Petrat 2025 }
Assume
e g solves (B-H) with v4(0) € £! (EZ(C)@M) such that Tr(v4(0)) =1
e ¢ solves (mf) with ©(0) € £2(C) such that [|¢]|,2 =1
e dci,cp > 0 such that Vne N,

Tr(po(Oln=n) <cre™ 2 Tr (1P (O)Lyn) < cre™=. (&)

Then 3 C == C (J, c1, &, Tr (pp(0)N)) > 0 such that Vt € Ry,

H’Yffl)(t) —pe(t)]| , < CeS VI (H”t(fl)(o) ~Pel

1
* d |n(d)> ©)

Ll

If H'y(l)

=0 (%) then Vt e R4,

geCtea\/ln(d)fln(d) -0

d—w

76" (®) - poto)

Ll
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Thank you for your attention
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